Kinetic theory for a mobile impurity in a degenerate Tonks-Girardeau gas by Gamayun, O. et al.
Kinetic theory for a mobile impurity in a degenerate Tonks-Girardeau gas
O. Gamayun1,2, O. Lychkovskiy1,3, and V. Cheianov1
1Lancaster University, Physics Department, Lancaster LA1 4YB, UK,
2Bogolyubov Institute for Theoretical Physics, 14-b Metrolohichna str., Kyiv 03680, Ukraine, and
3Russian Quantum Center, Novaya St. 100A, Skolkovo, Moscow Region, 143025, Russia.
A kinetic theory describing the motion of an impurity particle in a degenerate Tonks-Girardeau
gas is presented. The theory is based on the one-dimensional Boltzmann equation. An iterative
procedure for solving this equation is proposed, leading to the exact solution in number of spe-
cial cases and to an approximate solution with the explicitly specified precision in a general case.
Previously we have reported that the impurity reaches a non-thermal steady state, characterized
by an impurity momentum p∞ depending on its initial momentum p0 [1]. In the present paper
the detailed derivation of p∞(p0) is provided. We also study the motion of an impurity under the
action of a constant force F . It is demonstrated that if the impurity is heavier than the host parti-
cles, mi > mh, damped oscillations of the impurity momentum develop, while in the opposite case,
mi < mh, oscillations are absent. The steady state momentum as a function of the applied force is
determined. In the limit of weak force it is found to be force independent for a light impurity and
proportional to
√
F for a heavy impurity.
I. INTRODUCTION
Last decade has been witnessing a tremendous exper-
imental progress in the fabrication and manipulation of
artificial one-dimensional (1D) quantum systems, espe-
cially 1D ultracold atomic gases [2]. An important re-
cent advancement is the development of the experimen-
tal techniques enabling injection and tracking of a single
impurity in a 1D host gas of bosons. This opens access
to previously unexplored aspects of non-equilibrium dy-
namics in 1D [3, 4].
If prior to these experimental developments theoretical
studies of mobile impurities in 1D systems were mainly
concerned with equilibrium properties and spectral char-
acteristics (see [5] and references therein), the theoretical
focus has now shifted to the analysis of non-equilibrium
time-resolved phenomena. A rich variety of such phe-
nomena relating to the time evolution of the impurity
momentum have recently been predicted. These include
quasi-Bloch oscillations [6–8], quantum flutter [9, 10] and
relaxation to a non-thermal state [1, 9–12].
The present theoretical understanding of these phe-
nomena is not complete and number of outstanding ques-
tions remain. For example, what are the physical condi-
tions for the occurrence of oscillations? Are those oscilla-
tions damped at zero temperature and if so what factors
determine damping rate? What are the properties of the
non-thermal state? How does it depend on initial condi-
tions?
In our earlier paper [1] we proposed to address these
questions by considering a simple yet nontrivial model
of a single impurity weakly coupled by a point-like in-
teraction to a degenerate Tonks-Girardeau gas. Ref. [1]
advocated the use of Boltzmann kinetic theory and re-
ported certain rigorous results on the properties of a non-
thermal steady state in the absence of an external force.
Applicability of the Boltzmann theory to the model un-
der consideration was rigorously justified by means of
Keldysh technique in Ref. [12]. In the present paper
we give a more detailed derivation of the results of Ref.
[1] and analyze the dynamics of an impurity under the
action of a constant force F .
Our main results are as follows. We demonstrate that
the dynamics of the impurity under the action of a force
depends dramatically on the impurity-to-host mass ratio.
In the heavy impurity case oscillations develop while in
the light impurity case the momentum of the impurity
saturates without oscillations. The oscillations are shown
to be damped with a rate proportional to F 2 in the limit
of weak force. At large times a steady state is established.
We determine the steady state momentum as a function
of the applied force. In particular, in the limit of weak
force the steady state momentum is found to be force
independent for a light impurity and proportional to
√
F
for a heavy impurity.
The paper is organized as follows. In Sec. II we de-
scribe the model, discuss various regimes and overview
known results. In Sec. III we introduce basic notations
and state precisely the problem to be solved. Sec. IV
is devoted to the peculiar one-dimensional kinematics of
the problem. In Sec. V the Boltzmann equation with-
out a force is introduced and an algorithm for its itera-
tive solution is presented, along with exact solutions in
special cases. In Sec. VI the integral equation on the
infinite-time momentum of the impurity (in the absence
of a force) is introduced and an algorithm for its iterative
solution is presented, along with exact solutions in special
cases. Sec. VII is devoted to the dynamics of an impu-
rity under the action of a constant force. The dynamics
of the impurity and the steady state are quantitatively
described. The summary and concluding remarks are
given in Sec. VIII. In the Appendix the integral equa-
tion for the infinite-time momentum is derived from the
Boltzmann equation.
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2II. MODEL AND OVERVIEW OF KNOWN
RESULTS
In this section we describe a model of an impurity im-
mersed a 1D host gas and give a brief overview of recent
results on the dynamics of the impurity at zero temper-
ature. The host gas is a gas of bosons described by the
Hamiltonian
Hh =
N∑
n=1
p2n
2mh
+ γh
ρ
mh
∑
n<n′
δ(xn − xn′) , (1)
where pn and xn are momentum and coordinate of the
n’th host particle respectively, γh is the dimensionless
coupling constant and ρ ≡ N/L is the linear density of
the host gas. The impurity has mass mi and interacts
with the host through the interaction term
V = γ
ρ
mh
N∑
n=1
δ(X − xn). (2)
Here X is coordinate of the impurity and interaction
strength is characterized by the coupling constant γ.
Here and in the following subscript h and i refer to the
host and to the impurity, respectively.
The dynamics of the impurity is determined by the two
dimensionless coupling constants γ and γh, by the mass
ratio η ≡ mi/mh and by the constant force F if it is
applied to the impurity.
The value of the host-host coupling, γh, determines
the physics of the host gas. Two limiting cases are well
understood theoretically. In the Bogolyubov limit of
small γh the problem is amenable to mean-field treatment
[13, 14], while in the Tonks-Girardeau limit of infinitely
large γh the bosons can be mapped on the noninteract-
ing fermions [15]. From the experimental point of view, a
wide range of values of γh (as well as γ) can be explored
due to the tunability of the scattering length through the
Feschbach resonance [2].
The mass ratio η is on the order of unity in the case
of atomic impurities studied in recent experiments [3,
4]. For the theoretical treatment the exact value of η
is of crucial importance. Firstly, if η = 1 and either
γh = ∞ [16] or γh = γ [17, 18], the model is integrable
by Bethe Ansatz. Secondly, in the case of an impurity
weakly coupled to a Tonks-Girardeau gas, η = 1 is a
singular point no matter whether or not integrability is
present [1, 12, 19]. Finally, cases of light (η < 1) and
heavy (η > 1) impurities qualitatively differ from each
other and from the case of equal masses [1, 7, 12].
Theoretical papers [1, 6–12] explored various regions
of parameter space with a range of methods. In [6–8]
the motion of an impurity driven by a constant force
was investigated by methods of quantum hydrodynam-
ics. It was predicted that under certain conditions the
momentum of an impurity immersed in a 1D gas exhibits
oscillations resembling the Bloch oscillations in an ideal
crystal [6]. A wide range of parameters was discussed
in [6–8], however most of the quantitative results were
obtained for a host gas in the Bogolyubov regime (small
γh) or for the case γ, γh  1.
The relaxation of the momentum of an impurity in-
jected in a 1D gas with some initial momentum p0 was
studied in [9, 10]. In Ref. [9] the integrable case η = 1,
γh = ∞ was mainly considered using a combination of
analytical and numerical techniques. The nonintegrable
case of nonequal masses and 4 ≤ γh ≤ ∞ was numerically
studied in [10]. The impurity-host coupling in the range
3 ≤ γ ≤ 20 was considered in both Refs. [9, 10]. Two
intriguing effects were discovered in [9, 10]. Firstly, the
impurity momentum as a function of time was found to
exhibit oscillations around some average value. This phe-
nomenon was dubbed “quantum flutter” [9]. Secondly,
despite the observed damping of the oscillations the av-
erage momentum did not appear to change significantly
with time. This observation indicates that the momen-
tum of the impurity at infinite time, p∞, is nonzero. This
could seem to be in apparent conflict with the predicted
absence of superfluidity in the system [20], but in fact
the conflict is absent [11].
Recently we have reported analytical results on the re-
laxation of the impurity momentum [1] obtained for an
impurity weakly coupled to a 1D Bose gas in the Tonks-
Girardeau limit. In the general case of nonequal masses
the reported results have been based on the Boltzmann
equation. The applicability conditions of the Boltzmann
equation in 1D systems are subtle. For our system these
include γ2  1 and |η−1|  γ [1]. A detailed derivation
of the Boltzmann equation from the macroscopic quan-
tum theory has been presented in the separate publica-
tion [12]. Previously the Boltzmann equation was applied
to calculate the mobility of an impurity in a 1D gas at a
finite temperature [21].
III. THE SCOPE OF THE PRESENT WORK
We consider the Tonks-Girardeau limit: γh = +∞.
In this limit a gas of host bosons can be mapped on
the gas of noninteracting fermions [22]. We find that
the fermionic description provides better insight into the
physics of the problem. Therefore, we use this descrip-
tion in what follows. Needless to say, our results are
equally applicable for a genuine free fermion host. The
latter, however, is less relevant in the context of current
experiments [2].
Thus, we consider a single impurity particle immersed
in a gas of N identical noninteracting fermions with den-
sity ρ. The Fermi momentum and time are defined as
kF = piρ and tF ≡ 2mh/k2F, respectively. In order to sim-
plify the notations we henceforth set kF = 1 unless explic-
itly specified. We work in the limit of weak impurity-host
coupling γ.
Our main goal is to find the distribution function of the
impurity momentum wk(t) and investigate its behavior
at t → ∞. This can be used for the calculation of the
3FIG. 1. Kinematically allowed regions for a single pairwise scattering in the cases of the light (left) and heavy (right) impurity.
The final momentum of the impurity, k, is shown vs the initial momentum of the impurity, q.
average momentum of the impurity in the infinite time
limit:
p∞ = lim
t→∞
∑
k
k wk(t) . (3)
We assume the following initial conditions at t = 0. The
fermions are in the ground state of noninteracting Hamil-
tonian Hh (Fermi sea). The impurity is in a statistical
mixture of the impurity momentum eigenstates. Due to
the linearity of the problem one can focus on the initial
condition with a fixed impurity momentum,
wk(0) = δk,p0 , (4)
where, without loss of generality, p0 > 0. Where this
specific form of the initial condition is essential, we use
the notations wp0→k(t) and w
∞
p0→k instead of wk(t) and
wk(t =∞).
IV. KINEMATICS
Understanding the kinematics of pairwise scattering in
one dimension is essential for studying the dynamics of
the impurity. From the classical point of view, a scatter-
ing event in one dimension can be characterized by two
momenta, e.g. the initial, q, and the final, k, momenta
of the impurity. The other two (in our case, the initial
s and the final l momenta of the host particle) are fixed
by the energy and momentum conservation laws:
q2
2mi
+
s2
2mh
=
k2
2mi
+
l2
2mh
, (5)
q + s = k + l . (6)
In addition, the Pauli principle applied to host fermions,
imposes
|s| < 1 , |l| > 1 (7)
that restricts possible values of k and q to a certain region
Ω in the (q, k) plane.
The region Ω is shown in Fig. 1. It consists of two dis-
joint pieces Ω = Ω>unionsqΩ<. We denote the upper and lower
boundaries of Ω as u(q) and d(q), respectively. They
also consist of disjoint pieces, u(q) = u>(q) unionsq u<(q) and
d(q) = d>(q)unionsq d<(q), and are constructed from segments
of the following lines:
ktop(q) =
η−1
η+1q +
2η
η+1 ,
kbot(q) =
η−1
η+1q − 2ηη+1 ,
kleft(q) =
η+1
η−1q +
2η
η−1 ,
kright(q) =
η+1
η−1q − 2ηη−1 .
(8)
Notice that a segment of kleft(q) is a part of either
the u<(q), or d<(q), depending on the mass ratio η; an
analogous statement holds for kright(q).
Considering the initial momentum p0 one can iden-
tify regions in the momentum space corresponding to
the qualitatively different behavior of the impurity. For
|p0| < q0 ≡ min{1, η} the impurity can not scatter on
host fermions due to the Pauli blocking, so the impurity
momentum is conserved. Obviously, if after several scat-
tering events the impurity momentum drops below q0,
scattering stops. Further, there exist a point q1 > q0 such
4that, whenever q0 < |p0| < q1, a single scattering trans-
fers the impurity momentum below q0. In general, there
exists an infinite ascending sequence {qn} with the fol-
lowing property: the impurity momentum is transferred
below q0 in no more than n scattering events whenever
|p0| < qn. The recursive definition for the sequence reads
qn−1 = max{|u(qn)|, |d(qn)|}. (9)
This sequence converges to q∞ = max{1, η} with n→∞.
The first three qn are given in Table I.
TABLE I. q0, q1, q2 and q∞ for light and heavy impurity.
q0 q1 q2 ... q∞
η < 1 η (3−η)η
1+η
(η2−2η+5)η
(1+η)2
... 1
η > 1 1 3η−1
1+η
5η2−2η+1
(1+η)2
... η
Note that the case of equal masses (η = 1) is spe-
cial: Ω> and Ω< are two rectangular horizontal stripes
and the whole sequence {qn} collapses to a single point,
qn = 1 ∀n. At first glance this may look as a simplifica-
tion; however, in fact the kinematics of the equal mass
case represents a major difficulty for derivation and ap-
plication of the Boltzmann equation [1, 12], which is dis-
cussed in more detail below.
V. BOLTZMANN EQUATION
A. Preliminary considerations
The above kinematical reasoning can be used as a
starting point for the Boltzmann kinetic theory. It is well
known, however, that in one dimension this should be
done with caution. Indeed, the validity of the Boltzmann
equation relies on the Lorentzian shape of the particle’s
spectral function such as in the Fermi liquid theory [23].
At the same time spectral functions of particles in 1D
quantum fluids tend to exhibit essentially non-Lorentzian
shapes in the vicinity of the mass shell [5, 24]. This is
not true, however, when the mass shell of a particle falls
into a broad spectral continuum of excitations into which
it can decay [25]: in this case the quasi-Lorentzian shape
of a spectral function is restored. The latter fact makes
it possible to apply Boltzmann’s kinetic theory to our
problem. The rigorous proof of this statement (based on
resummation of relevant diagrams in Keldysh technique)
is given in a separate publication [12]. Here, instead, we
present a heuristic derivation of the Boltzmann equation
based on the straightforward application of the leading
order perturbation theory. This approach quickly leads
to a correct result and, as a side product, yields p∞ in
the next-to-leading order (∼ γ2) in the case when |p0| is
below and sufficiently far from q0 (see Eq. (40) below).
Afterwards, we summarize the applicability conditions
for the Boltzmann equation which follow from the rigor-
ous treatment [12].
The leading order of the time-dependent perturbation
theory gives the following expression for wk(t):
wk(t)− wk(0)
t
= −Γ˜k(t)wk(0) +
∑
q
Γ˜q→k(t)wq(0) .
(10)
Here
Γ˜q→k(t) ≡ γ2
(
1
pimhL
)2 ∑
|s|<1
|l|>1
sin2
∆Ek,lq,st
2
(∆Ek,lq,s/2)2 t
δk+l,q+s,
(11)
Γ˜k(t) ≡
∑
p
Γ˜k→p(t) (12)
and ∆Ek,lq,s is a difference between final and initial kinetic
energy of a pair of colliding particles (the impurity and
a host fermion):
∆Ek,lq,s ≡
k2 − q2
2mi
+
l2 − s2
2mh
. (13)
For times considerably greater than the Fermi time tF
one can replace
sin2
∆Ek,lq,st
2
(∆Ek,lq,s/2)2 t
→ 2piδ(∆Ek,lq,s) (14)
which is essentially the treatment leading to the Fermi’s
golden rule. One the other hand Eq. (10) suggests that
wk(t) varies slowly on time scales ∼ tF, hence the l.h.s of
Eq. (10) can be replaced by the time derivative at t ' 0.
Assuming further that the evolution is Markovian, one
extends the equation to t > 0. This way one obtains the
Boltzmann equation:
∂
∂t
wk(t) = −Γkwk(t) +
∑
q
Γq→kwq(t), (15)
where
Γq→k =
γ2
pi2mhL
θΩ
(
q, k
)
|q − k| , (16)
is the partial width and Γk ≡
∑
p Γk→p is the total width,
where θΩ
(
q, k
)
means that point
(
q, k
)
lays in domain Ω.
The explicit expressions for the dimensionless total width
Γk ≡
(
γ2k2F
2pi3mh
)−1
Γk =
∣∣∣∣log k − d(k)k − u(k)
∣∣∣∣ θ(|k| − q0), (17)
calculated in the thermodynamic limit, are presented in
Table II (note that we have restored kF in this formula).
Rigorous diagrammatic derivation of the Boltzmann
equation (15) provides its applicability conditions which
read [1, 12]
γ2  1, |1− η|  γ. (18)
5TABLE II. Total dimensionless decay width Γk (defined in Eq. (17)) calculated in the thermodynamic limit.
|k| < q0 q0 ≤ |k| < q∞ |k| ≥ q∞
η < 1 η > 1
Γk 0 log
1+η
1−η log
η+|k|
η−|k| − log η+1η−1 log |k|+η|k|−η
While the former condition is merely an obvious weak-
coupling requirement, the latter one does not follow from
the above heuristic treatment and deserves a special dis-
cussion. This condition implies that the the Boltzmann
equation (15) is invalid when the masses of the impu-
rity and the host are equal. As was already pointed in
the previous section, the kinematics is very special in the
equal masses case. Indeed, a pairwise scattering leads
merely to the exchange of momenta between an impurity
and a host particle. Therefore after the first scattering
the impurity drops below kF and acquires the same veloc-
ity as the created hole. Further scattering processes are
not forbidden by the conservation laws and Pauli prin-
ciple, in contrast to the case of nonequal masses. As a
consequence the diagrammatic expansion appears to be
dominated by ladder diagrams which modify the form of
the evolution equation. The second applicability condi-
tion ensures that such diagrams can be disregarded.
B. Iterative solution
Thanks to a peculiar kinematics discussed in Sec. IV,
the Boltzmann equation can be solved by iterations. Let
us concentrate on the initial condition (4). First, obvi-
ously,
wp0→k(t) = δp0k for |p0| ≤ q0. (19)
Further, if |p0| lies in the interval (qn−1, qn] (and thus is
less than q∞), then the Boltzmann equation can be solved
exactly in (n+ 1) iterations. Moreover, lower number of
iterations, l ≤ n, provide an exact solution for wp0→k(t)
with |k| > qn−l. We first exemplify this statement by
providing the exact solutions for n = 1, 2 and then outline
a general iterative procedure.
The solution of Eq. (15) for initial conditions (4) with
q0 < |p0| ≤ q1 reads
wp0→k(t) =
{
e−Γp0 tδp0k, |k| > q0,
Γp0→k
Γp0
(1− e−Γp0 t), |k| ≤ q0. (20)
The solution of Eq. (15) for initial conditions (4) with
q1 < |p0| ≤ q2 reads
wp0→k(t) =
e−Γp0 tδp0k, |k| > q1,
Γp0→k
Γp0−Γk (e
−Γkt − e−Γp0 t), q0 < |k| ≤ q1,
Γp0→k
Γp0
(1− e−Γp0 t)+∑
q0<|q|≤q1
Γp→qΓq→k
Γp0−Γq
(
1−e−Γqt
Γq
− 1−e−Γp0 tΓp0
)
, |k| < q0
(21)
in the heavy impurity caseand
wp0→k(t) =
e−Γp0 tδp0k, |k| > q1,
Γp0→k t e
−Γp0 t, q0 < |k| ≤ q1,
Γp0→k
Γp0
(1− e−Γp0 t)+∑
q0<|q|≤q1
Γp→qΓq→k
Γ2p0
(
1− e−Γp0 t(1 + Γp0t)
)
, |k| < q0
(22)
in the light impurity case. The difference between former
and latter comes from the fact that Γk is constant for
k ∈ [q1, q∞] in the case of a light impurity; formally Eq.
(22) can be obtained from Eq. (21) by taking the limit
Γk,Γq → Γp0 .
The above sequence of solutions can be systematically
continued to account for an arbitrary p0. To this end we
introduce a new function wp0→k such that
wp0→k(t) = e
−Γktwp0→k(t) (23)
and rewrite the Boltzmann equation (15) in terms of this
new function:
∂
∂t
wp0→k(t) =
∑
q
wp0→q(t) Γq→k e
−(Γq−Γk)t, (24)
or
wp0→k(t) = δp0k +
∑
q
∫ t
0
dt′wp0→q(t
′) Γq→k e−(Γq−Γk)t
′
.
(25)
The above equation can be solved iteratively thanks to
the fact that only terms with |q| > |k| contribute to the
sum on the r.h.s. (according to the expression (16) for
the partial width Γq→k), and therefore one can calculate
wp0→k consequentially, starting from the largest k = p0.
Indeed, consider p0 ∈ (qn−1, qn]. The first step is to note
that wp0→k(t) = δp0k for k ∈ (qn−1, qn]. Assume now
that after l− 1 steps we know wp0→k(t) for |k| > qn−l+1.
We substitute it to the r.h.s. of Eq. (25) to obtain
6wp0→k(t) for |k| ∈ (qn−l, qn−l+1], which constitutes the
l’th step. Evidently, the procedure ends in (n+ 1) steps.
Solutions (20), (21) and (22) are obtained through this
procedure.
Note that the above procedure can be some-
what improved. Indeed, at the first step one
can substitute the interval (qn−1, qn] by the interval
(max{|u(p0)|, |d(p0)|}, p0], and proceed analogously at
further steps.
In the case p0 > q∞ an exact solution can not be ob-
tained in finite number of steps, however Eq. (25) can
be used to obtain an approximate solution.
Finally, let us write down the solution to the Boltz-
mann equation (15) for a more general initial condition:
wk(0) = 0 for |k| > q1. The solution reads
wk(t) = e
−Γktwk(0), |k| > q0,
wk(0) +
∑
q0<|q|≤q1
(1− e−Γqt)Γq→kΓq wq(0), |k| ≤ q0.
(26)
The simplicity of the solution is due to the fact that for
a fixed k either the first or the second term on the r.h.s.
of Boltzmann equation (15) vanishes.
VI. EQUILIBRIUM STATE IN THE ABSENCE
OF FORCE
As is shown in appendix A, Eq. (15) leads to the fol-
lowing integral equation on asymptotic distribution:
w∞p0→k = θ(q0 − |k|)
(
P(1)p0→k +
∑
q∈R(p0)
P(1)p0→qw∞q→k
)
, |p0| > q0,
δp0k, |p0| < q0,
(27)
where
P(1)p0→k = Γp0→k/Γp0 (28)
is the probability that the impurity changes its mo-
mentum from p0 to k in a single scattering event, and
R(p0) ≡ [d(p0), u(p0)] \ [−q0, q0] is a kinematically deter-
mined integration region.
Eq. (27) has a clear semiclassical meaning. In the
case |p0| < q0 any scattering is kinematically forbidden,
as discussed in Sec. IV, and the relaxation does not oc-
cur. Consider the case |p0| > q0. After the first scatter-
ing a momentum of the impurity can be either below or
above q0. In the former case the evolution stops, which
is represented by the first term in the large brackets in
Eq. (27); in the latter case the scattering process iter-
ates, which is represented by the second term in the large
brackets in Eq. (27).
One can easily write down the solution of Eq. (27).
Consider |p0| ∈ (qn−1, qn], n ≥ 1. Then the solution
reads
w∞p0→k = θ(q0 − |k|)
n∑
j=1
P(j)p0→k, (29)
where
P(j)p0→k =
∑
|q|>q0
P(1)p0→qP(j−1)q→k (30)
is the probability of the evolution path which leads from
p0 to k in exactly j scattering events. In case of |p0| > q∞
the upper limit of summation, n, should be substituted
by ∞.
Calculating the first moment of the distribution (27)
(with respect to k) we find an integral equation for the
asymptotic momentum,
p∞(p0) =
 p
(1)
∞ (p0) +
∑
q∈R(p0)
P(1)p0→qp∞(q), |p0| > q0,
p0, |p0| < q0,
(31)
where
p(1)∞ (p0) ≡
q0∑
k=−q0
k P(1)p0→k.
The solution of this equation is obtained from the solu-
tion (29) of the parent equation (27). If |p0| ∈ (qn−1, qn],
n ≥ 1, then
p∞(p0) =
n∑
j=1
p(j)∞ (p0), (32)
where
p(j)∞ (p0) ≡
∑
|k|≤q0
k P(j)p0→k =
∑
|q|>q0
P(1)p0→qp(j−1)∞ (q). (33)
In the case of |p0| > q∞ the upper limit of summation,
n, should be substituted by ∞.
Observe that γ2 cancels out from the probability
P(j)p0→k. As a result, the asymptotic distribution w∞p0→k
given by Eq. (29) and the infinite-time momentum p∞
given by Eq. (32) do not depend on the coupling con-
stant at all. This remarkable fact will be discussed in
what follows.
The recurrent nature of expressions for P(j)p0→k and
p
(j)
∞ (p0), Eqs. (30) and (33) correspondingly, implies that
in fact the solutions (29) and (32) are constructed iter-
atively, in resemblance to the solution of the Boltzmann
equation (15). Namely, the calculation of the j’th terms
on the r.h.s. of Eqs. (29) and (32) constitutes the j’th
step of iteration.
Although formally we have solved the integral equa-
tions (27) and (31), practical implementation of the full
solutions (29) and (32) can be tedious because of a large
or even infinite number of terms in the corresponding
7FIG. 2. The asymptotic impurity momentum p∞ as a function of the initial impurity momentum p0 when impurity is lighter
(left) and heavier (right) than a host particle. Solid blue line – an iterative solution (two iterations) of Eq. (31). This solution
is exact below q2 (not shown) and approximate above this point. Shaded area (green online) represents the maximal error: the
exact solution of Eq. (31) lies inside this area. Notice much better convergence of iterations in the light impurity case.
sums. A natural question arises whether one can trun-
cate these sums at some small j to obtain reliable ap-
proximation to the corresponding exact solutions. The
answer appears to be affirmative. Below we demonstrate
this for the infinite-time momentum.
We define an approximate solution
p(1,...,l)∞ (p0) ≡
l∑
j=1
p(j)∞ (p0) (34)
with l < n and study the difference between it and the ex-
act solution (32). This difference appears to be bounded
from above according to
|p∞(p0)− p(1...l)∞ (p0)| ≤
1− l∑
j=1
P(j)p0
 q0, (35)
where
P(j)p0 ≡
q0∑
k=−q0
P(j)p0→k =
∑
|q|>q0
P(1)p0→qP(j−1)q (36)
is the probability that the impurity experiences exactly
j scatterings before its momentum drops below q0. This
bound again has a clear semiclassical meaning: the maxi-
mal error in momentum after l iterations does not exceed
the maximal possible infinite-time momentum, q0, times
the probability that the impurity experiences more than
l scatterings before its momentum drops below q0.
According to the estimate (35), the upper bound of
the discrepancy |p∞(p0) − p(1...l)∞ (p0)| monotonically ap-
proaches zero with increasing l for any fixed p0, except
the case η > 1, p0 = η. In the latter case, which is dis-
cussed in more details in what follows, the total width Γp0
diverges and thus the probabilities P(j)p0 are not well de-
fined. Apart from the above-mentioned special case, the
estimate (35) allows to explicitly control the convergence
of the iterative procedure which leads to the solution (29)
for the infinite-time momentum p∞(p0).
Let us describe in more detail the first iteration. The
probability P(1)p0 reads
P(1)p0 =
0, |p0| ≤ q0,
Γ−1p0
∣∣∣log ∣∣∣∆d(p0)∆u(p0) ∣∣∣∣∣∣ , |p0| ∈ (q0, 3η+q20|η−1| ] ,
0, |p0| > 3η+q
2
0
|η−1| ,
(37)
where ∆d(p) = p − max{d(p),−q0} and ∆u(p) = p −
min{u(p), q0} are the maximum and minimum momen-
tum transferred in scattering event, correspondingly. In
particular, in the case |p0| > 3η+q
2
0
|η−1| the momentum of the
impurity is kinematically prohibited to drop below q0 in
a single scattering. Note that for q0 < p0 ≤ q1 Eq. (37)
amounts to P(1)p0 = 1. We recall that the expression for
Γp0 is given by Eq. (17) and can be read from Table II.
The contribution of the first iteration to the asymptotic
8momentum reads
p
(1)
∞ (p0) =
0, |p0| ≤ q0,
p0P(1)p0 − (∆d(p0)−∆u(p0))/Γp0 ,
|p0| ∈
(
q0,
3η+q20
|η−1|
]
,
0, |p0| > 3η+q
2
0
|η−1| .
(38)
The infinite-time momentum of the impurity as a func-
tion of its initial momentum, calculated in two iterations,
is displayed in Fig. 2 The plotted curve represents the
exact solution of Eq. (31) for |p0| ≤ q2 and an approxi-
mate solution for larger values of p0. In the latter case
maximal error, calculated according to Eq. (35), is also
shown.
The solution of Eq. (31) as a function of p0 has non-
analyticities at p0 = q0, q1, . . . , q∞. The most prominent
discontinuity occurs for η > 1 at |p0| = q0 = 1. In this
case, according to Eqs. (32) and (38),
p∞(p0) ={
p0, |p0| < 1
−1 + η2+1η2−1 (p0 − 1) +O
(
(p0 − 1)2
)
, p0 > 1,
(39)
One can see that the infinite-time momentum as a func-
tion of p0 flips sign and p0 = 1. The reason is that
backscattering with momentum transfer 2kF is the only
process allowed kinematically at this point, see Fig. 1.
Another type of singularity shows up at p0 = η. This is
the only point at which the forward scattering (scattering
with zero momentum transfer) is kinematically allowed.
In the heavy impurity case, η > 1, the forward scattering
contribution leads to the divergence of the total width in
the thermodynamic limit, see Table II, and precludes the
convergence of the series on the r.h.s. of Eqs. (29) and
(32). The convergence of the series in the vicinity of this
point is non-uniform in p0. The physical picture behind
this singularity is as follows: In the thermodynamic limit,
the impurity scatters infinitely many times with infinitely
small momentum transfer before its momentum drops
below q0.
We believe that the non-analyticities at p0 =
q0, q1, . . . , q∞ are the artifacts of the weak coupling
approximation which underlies the Boltzmann equa-
tion (15). Consider the exact asymptotic momentum as a
function of the initial momentum and coupling constant
and imagine that it is expanded in a series with respect
to γ. Eqs. (31) are nothing else than the equations for
the leading (i.e. O(1)) term of this expansion. We ex-
pect that taking into account higher order terms would
smoothen the above-mentioned non-analyticities.
In general, our approach based on the semiclassical ki-
netic theory is not suitable for obtaining next-to-leading
in γ terms. However, in the case when |p0| < q0 and,
moreover, p0 is sufficiently far from q0, one can drive
higher order corrections from the straightforward pertur-
bation theory discussed in Sec. V A. In particular, the
asymptotic momentum reads
p∞ = p0 − γ
2η2
pi4
log 1+p01−p0
η2 − p20
. (40)
This expression is valid if q0 − p0  ∆p where
∆p = exp
(
−pi4γ2 η
2−1
η2
)
, η > 1
∆p = γ
2η
pi4 , η < 1
, (41)
which ensures that correction on the r.h.s. of (40) is
small.
VII. IMPURITY UNDER THE ACTION OF A
CONSTANT FORCE
A. Time evolution in the presence of a force
The Boltzmann equation in the presence of a constant
force F reads
∂wk(t)
∂t
+ F
∂wk(t)
∂k
= −Γkwk(t) +
∑
q
Γq→kwq(t). (42)
Without loss of generality we assume F > 0. We
chose to treat k as a continuous variable in the present
section and replace all sums by integrals according to∑
q → L/2pi
∫
dq.1 We replace probability wk by proba-
bility distribution w(k) = wkL/(2pi). Also it is useful to
introduce re-scaled dimensionless force and time:
f ≡ 2pi3mhF/(γ2k3F), τ ≡ t/
(
2pi3mh
γ2k2F
)
, (43)
where we have restored kF. Note that the coupling con-
stant γ enters the scaling factors. Finally, one can rewrite
Eq. (42) in the following form:
∂
∂τ
w(k, τ) = Lˆ w(k, τ), (44)
where the operator Lˆ is defined according to
Lˆ w(k, τ) = −f ∂w(k, τ)
∂k
− w(k, τ)
∫
dq
θΩ(k, q)
|k − q| +
∫
dq
θΩ(q, k)
|k − q| w(q, τ). (45)
In addition to the applicability conditions discussed in
Sec. V one more condition the required for the Boltz-
mann equation with force (42). Indeed, one needs to
1 This allows us to introduce the derivative ∂/∂k and to treat
the evolution operator Lˆ in Eq. (44) as an integro-differential
operator.
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FIG. 3. Time evolution of the average momentum of the impurity moving under the action of a constant force. Initially the
impurity is at rest. Solid curves – numerical solutions of the Boltzmann equation (44) with f = 0.05. Dashed lines – asymptotic
momentum according to Eqs. (72) (light impurity) and (63) (heavy impurity). Oscillations are present in the heavy impurity
case and absent in the light impurity case. The attenuation of the amplitude of the oscillations is shown by dotted line, see
Eq. (50).
make sure that the time ∆p/F which impurity spends in
the ∆p-vicinity of q0 (41) is much less than the mean free
time. This entails the following applicability conditions
f  e−pi
4
γ2
η2−1
η2 , η > 1, (46)
f  γ2η, η < 1. (47)
We note that in the heavy impurity case the lower bound
for f is exponentially suppressed in the limit of small γ.
B. Backscattering oscillations and saturation
without oscillations
Eq. (44) can be easily solved numerically, either di-
rectly or by the Monte-Carlo method. In the latter case
a trajectory of the impurity subject to a random scatter-
ing process is simulated. The evolution of the momentum
of the impurity obtained from the Monte Carlo simula-
tion is shown in Fig. 3. One can see that the motion
of the heavy impurity exhibits oscillations. This effect
has been predicted in [6–8] (see, however, discussion be-
low). In contrast, in the light impurity case oscillations
are absent.
This behavior can be easily understood from kinemat-
ical arguments. Indeed, consider an impurity initially
at rest. The force accelerates it freely until its momen-
tum reaches q0. Then the impurity acquires a chance to
scatter on a host particle. As is clear from Fig. 1, in
the heavy impurity case the scattering process transfers
the impurity to an opposite edge of the Fermi sea, after
which it starts to freely accelerate again until its mo-
mentum reaches q0, and so on. A term “backscattering
oscillations” has been proposed for this phenomenon in
Ref. [19]. Obviously, in the limit of small f the period
of the backscattering oscillations reads τcycle = 2/f , or,
restoring physical time, force and momentum,
tcycle = 2kF/F. (48)
In contrast, if the impurity is light then the domi-
nant scattering processes are those with small momen-
tum transfer. They tend to freeze the momentum of the
impurity in the vicinity of q0, which leads to a rapid sat-
uration of the momentum, as shown on Fig. 3.
The backscattering oscillations get damped since the
distribution gets broadened by scattering events. In the
long run the system approaches a steady state. The
steady state and the damping rate can be found by solv-
ing the eigenvalue problem for the operator Lˆ. The zero
eigenvalue of Lˆ corresponds to the steady state which is
analyzed in detail in the next subsection. Here we briefly
comment on the whole spectrum of Lˆ focusing on the
heavy impurity case. For f  1 one can show that the
eigenvalues λ satisfy the following equation:
f =
∫ 1
−1
dk
∫ ∞
1
dq
θΩ(q, k)
|k − q| e
− 1f
( q∫
1
dsΓ(s)+λ(q−p)
)
. (49)
All solutions of (49), except λ = 0, have negative real
parts. The smallest nonzero |Reλ| determines the damp-
ing rate at large times. This way we find that for
η > 1 the amplitude of backscattering oscillations A(τ)
is damped as
A(τ) ∼ exp
(
−pi2 1 + η
2/3− pi/4
η(η2 − 1) f
2τ
)
, f  1 . (50)
This formula compares well with the numerical solution
of Eq. (44), see Fig. 3.
Our results on the dynamics of the impurity under the
action of a small constant force seem to be in apparent
contradiction to the results reported in Refs. [6–8]. In
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the latter works the quasi-Bloch oscillations of the mo-
mentum of the impurity has been predicted to occur for
any mass of the impurity. Thus the disagreement be-
tween their and our results is most dramatic in the case
of light impurity when we do not find any oscillations.
On the other hand, the oscillations which we find in the
case of heavy impurity resemble the quasi-Bloch oscilla-
tions of Refs. [6–8], although the physics underlying the
two types of oscillations seems to be rather different: The
quasi-Bloch oscillations of [6–8] is a coherent effect while
we obtain the oscillations from the Boltzmann equation
describing incoherent scattering events.
Strictly speaking, the results of the present paper and
of Refs. [6–8] are not necessarily in conflict since the for-
mal range of validity of the former is restricted to not
very small forces, see Eqs. (46), (47), while the latter
are obtained in the limit of vanishing force. The ques-
tion whether crossing over these two parametric regimes
can eliminate the controversy has triggered an intensive
discussion [19, 26, 27] which has emerged after the first
version of the present paper had been made available as
an electronic preprint. To the moment the question is
not not resolved completely and requires further careful
analysis.
C. Steady state
The properties of the steady state of the system (state
at infinite time) are of major interest. We are able to
study them analytically. The steady state, if it exists, is
a solution of the equation
Lˆ w(k) = 0. (51)
Here and in the rest of this section we do not study any
time dependance and use a notation w(k) for a steady
state.
The symmetric form of the r.h.s. of Eq. (45) allows us
to present the steady state average of any quantity as∫
dpw(p)O(p) =
=
1
f
∫
dk
∫
dq w(q)
θΩ(q, k)
|k − q|
q∫
k
dsO(s). (52)
This representation is very useful because it shows that
any average can be expressed through probabilities out-
side the domain [−q0, q0]. To emphasize this we introduce
special notations:
w(k) =
{
χ>(k) if k ≥ q0
χ<(k) if k ≤ −q0. (53)
The probability distribution is determined by the
Boltzmann equation up to a multiplicative constant. It
should be deduced from the normalization condition,
which according to Eq. (52) reads
1 =
1
f
∫ ∞
q0
dq χ>(q)(u>(q)− d>(q))
− 1
f
∫ −q0
−∞
dq χ<(q)(u<(q)− d<(q)). (54)
In what follows we calculate unnormalized distribution
and divide all averages by the r.h.s. of the above equa-
tion.
The average momentum according to Eq. (52) reads
p∞(f) =
1
4f
∞∫
q0
dq χ>(q)(u>(q)− d>(q))(u>(q) + d>(q) + 2q)
− 1
4f
−q0∫
−∞
dq χ<(q)(u<(q)− d<(q))(u<(q) + d<(q) + 2q).
(55)
Now the task is to calculate χ>(s) and χ<(s). The results
for η > 1 and η < 1 appear to be quite different. Below
we consider these cases separately.
1. Heavy impurity
When the impurity is heavier that host particle Eq.
(51) leads to
f
dχ>(k)
dk
= −χ>(k)Γ(k) +
d−1> (k)∫
u−1> (k)
ds
χ>(s)
s− k , (56)
f
dχ<(k)
dk
= −χ<(k)Γ(k) +
d−1< (k)∫
u−1< (k)
ds
χ<(s)
s− k , (57)
where Γ(k) equals to Γk (see Eq. (17)) calculated in the
thermodynamic limit and can be read from Table II. We
see that this is a set of decoupled equations. Moreover,
χ<(k) is identically zero (for a positive force), which can
be proven by integrating both sides of Eq. (57) over k
and taking into account non-negativity of the probability
distribution.
The existence of the normalizable solution of (56) can
be tested by considering large momentum asymptote.
Taking into account
Γ(k) ∼ 2η
k
, k  1, (58)
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FIG. 4. Average momentum of a steady state, p∞, vs dimensionless force f applied to the impurity (see Eq. (43) for definition
of f). Black lines – asymptotical expressions in the small force limit according to Eqs. (72) and (63) for light and heavy
impurity, correspondingly. Red dots – numerical solution of the steady state Boltzmann equation (51). The steady state
momentum diverges at a critical force fc1 (marked by a dashed vertical line), which is given by Eqs. (70) and (61) for light
and heavy impurity, correspondingly.
one looks for an asymptote in the form χ>(k) ∼ k−α
which gives the following relationship between f and α :
f =
2η
α
(
1−
(
η − 1
η + 1
)α)
(59)
Thus the normalizable distributions exists up to a critical
force
fc0 ≡ 4η
1 + η
, (60)
while a finite average momentum – up to a critical force
fc1 ≡ 4η2/(1 + η)2. (61)
In the limit f → 0 Eq. (59) implies α→∞ and all the
weight of χ>(k) is concentrated near k = 1. Therefore
the integral term in (56) can be neglected in this limit
and one obtains
χ>(k) ∼ exp
− 1
f
k∫
1
dsΓ(s)
 =
= exp
(
− 1
f
(
k log
(η + k)(η − 1)
(η − k)(η + 1) + η log
η2 − k2
η2 − 1
))
' exp
(
−η(k − 1)
2
f(η2 − 1)
)
, (62)
up to a normalization factor. Calculating the normaliza-
tion factor from (54) and substituting obtained χ>(k) to
(55) we find that the average momentum of the steady
state for a small force reads
p∞(f) =
1
2
√
η3
η2 − 1pif. (63)
This approximation is valid for a force sufficiently weak to
satisfy χ>(1) χ>(u−1> (1)). Note that u−1> (1) is nothing
but q1 (see Table I), therefore this approximation implies
that all the probability spreads no far then the ”single
scattering” region. The explicit applicability condition
reads
e
− 1f
(
2η log
[
η2+4η−1
(1+η)2
]
− (1−η)21+η log
[
η2+4η−1
η2−1
])
 1. (64)
In limiting cases this amounts to
f .
{
η − 1, if η − 1 1,
4/η, if η  1. (65)
One can see that the approximation (63) fails both in
the limit of equal masses and in the limit of infinitely
heavy impurity. Nevertheless it works well for intermedi-
ate values of η in which case the condition (64) amounts
to f . 1/4.
It is interesting to compare our result (63) with a pre-
diction of Ref. [7] that the steady state momentum is a
linear function of force at small forces. Although the two
results are in apparent contradiction it is possible that
square root dependence crosses over to a linear behavior
at exponentially small forces determined by the condition
(46).
2. Light impurity
For η < 1 one obtains from Eq. (51)
f
dχ>(k)
dk
= −χ>(k)γ>(k) +
u−1< (k)∫
d−1< (k)
ds
χ<(s)
r − s , (66)
f
dχ<(k)
dk
= −χ<(k)γ<(k) +
u−1> (k)∫
d−1> (k)
ds
χ>(s)
s− k . (67)
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One can see that is the light impurity case the equations
do not decouple. Repeating large momentum analysis we
find following asymptotes:
χ>(k) ∼ 1
kα
, χ<(k) ∼ 2η
2η + fα
(
1− η
1 + η
)α
1
kα
(68)
and corresponding relationship between α and f :
f =
2η
α
(
1− 2η
2η + fα
(
1− η
1 + η
)2α)
. (69)
This relationship gives the critical values of force below
which the static distribution (fc0) and finite average mo-
mentum (fc1) exist:
fc0 =
4η3/2
1 + η
, fc1 =
2η
√
2η(1 + η2)
(1 + η)2
(70)
From equation (69) we see that at a small force χ>(k)
χ<(k), therefore we again can neglect the χ<(k) contri-
bution. A calculation analogous to one in the heavy im-
purity case leads to
χ>(k) ∼ exp
(
−k
f
log
1 + η
1− η
)
(71)
and
p∞(f) = η − f 2η
2
1− η2
(
log
1 + η
1− η
)−1
, (72)
where an additional simplification comes from the fact
that Γ(k) = const for η < k < 1, see table II. The
applicability condition for Eqs. (71), (72) reads χ>(q1)
χ>(q0), or, explicitly,
exp
(
−2η
f
1− η
1 + η
log
1 + η
1− η
)
 1. (73)
It is clear from this condition that the approximation
does not work in limiting cases of equal masses or in-
finitely light impurity, however, it works well for interme-
diate values of η, at which case condition (73) amounts
to f . 1/4, similar to the heavy impurity case.
We note the following remarkable qualitative feature
of the steady state momentum (72). The function p∞(f)
has a non-vanishing value in the limit f → 0. Even
though this limit is formally inaccessible in our theory
(see Eq. (47)), we believe that the jump discontinuity
of the steady state momentum as a function of force is
physical and is not an artefact of our approximation. The
reason for this is the absence of physical process with
large momentum transfer at impurity momentum equal
to q0. This results disagrees with predictions made in
[7] that the steady state momentum is linear in force at
small forces.
VIII. SUMMARY AND OUTLOOK
To summarize, we apply the Boltzmann kinetic the-
ory to the dynamics of a mobile impurity in a Tonks-
Girardeau gas at zero temperature. We develop the it-
erative procedure solving the Boltzmann equation. This
procedure allows us to obtain explicit analytical results
for the impurity momentum distribution in a number of
special cases. Moreover, in the general case it provides
a controlled approximate method for the calculation of
the impurity’s average momentum. Our solution reveals
a striking peculiarity of the impurity dynamics. Namely,
the system retains the memory about its initial state be-
yond that imposed by conservation laws, which signals
the breakdown of thermalization (see Fig. 2). The mi-
croscopic reason for this is the kinematical constrains on
two-particle scattering processes combined with the dome
structure of the host excitation spectrum. The latter is
generic for one-dimensional fluids; some two- and three-
dimensional fluids also possess this structure. We expect
that the impurity in any such fluid at zero temperature
fails to thermalize.
We further apply the Boltzmann kinetic theory to de-
scribe the motion of an impurity under the action of a
constant force. We find that the dynamical pattern cru-
cially depends on the impurity-to-host mass ratio η: A
heavy impurity (η > 1) experiences oscillations while the
momentum of a light impurity (η < 1) saturates without
oscillations (see Fig. 3). The calculated damping rate
of oscillations in the former case is found to be propor-
tional to F 2, see Eq. (50). We thoroughly investigate
the steady state of the impurity and find how it depends
on the applied force. In particular, we find that at small
forces the steady state momentum is proportional to
√
F
in the heavy impurity case (see Eq. (63)) and is equal to
ηkF in the light impurity case (see Eq. (72)).
The applicability conditions of our approach can be
summarized as follows. The impurity-host coupling γ
should be small and the mass ratio η should be suffi-
ciently far from unity, see Eq. (18). The latter condition
excludes the vicinity of the integrable point η = 1 from
our consideration. In addition, the results for the impu-
rity dynamics under the action of a force are valid when
the force is larger than some threshold value. The lat-
ter is exponentially small in γ for a heavy impurity, see
Eq. (46), and proportional to γ4 for a light impurity, see
Eq. (47). The force is referred to as “small” when it is
smaller than γ2kF/tF (but still larger than the threshold
force).
The developed kinetic theory admits for a simple phys-
ical interpretation. The collision of the impurity with a
host particle leads to the creation of elementary excita-
tions of the fluid. The relaxation of the impurity mo-
mentum occurs through an uncorrelated chain of such
events. We have performed the calculations for a host
gas in the Tonks-Girardeau limit, γh = ∞, and for a
small impurity-host coupling γ. However, we expect that
the qualitative picture of the impurity dynamics remains
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valid for a more general host with γh <∞, as well as for
moderate values of γ. Indeed, our main qualitative con-
clusions are based on robust kinematical considerations
and on the classification of the host excitations which re-
main unchanged at any γh. The quantitative picture is of
course modified by the renormalization of the scattering
amplitudes in the Boltzmann equation and of spectral
curves of the impurity and the host excitations, which
depend on the values of the coupling constants. This
intuitive reasoning is further supported by the fact that
under certain conditions the absence of the complete re-
laxation of the momentum of the impurity can be ana-
lytically demonstrated even for γ ∼ 1 [11].
The system we have studied is translation invariant.
However our theory can be straightforwardly generalized
to a smooth trapping potential, which is routinely used in
experiments. Such generalization amounts to introduc-
ing a coordinate-dependent (and, if necessary, a time-
dependent) force in the Boltzmann equation. It is possi-
ble to determine the dynamics of the impurity quantita-
tively by numerically solving such an equation.
One can also use the Boltzmann equation to investi-
gate the dynamics of an impurity in a host gas at finite
temperature, which amounts to introducing thermal dis-
tribution function instead of step functions in transition
rates [21]. We expect that the presence of the thermal
excitations in the host fluid will lift kinematical restric-
tions on the thermalization of the impurity. Thus the
impurity momentum in the absence of external force will
eventually decay to zero with the decay rate strongly de-
pendent on the temperature. This effect can be used for
local thermometry of the cold gas.
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Appendix A:
Here we derive Eq. (27) from Eq. (15).
The case |p0| < q0 is trivial since the r.h.s. of Eq.
(15) vanishes. Let us choose some |p0| > q0. The key
idea is to consider wp→k for |k| ≤ q0 and for q0 < |k| ≤
p0 separately. To emphasize this we introduce special
notations:
wp→k = χp→k for q0 < |k| ≤ p0;
wp→k = φp→k for |k| ≤ q0. (A1)
(in both cases, however, q0 < |p| ≤ p0) The rational
behind this separation is that the Boltzmann system for
χp→k is closed:
χ˙p→k =
∑
q0<|k′|≤p0
χp→k′ (−δk′kΓk + Γk′→k)︸ ︷︷ ︸
Sk′→k
. (A2)
Here we introduced a square M ×M matrix ||Sk′→k||,
where M ≡ 2(p0 − q0)/δk. This matrix is triangular and
its diagonal elements Sk→k = −Γk are strictly negative.
Two consequences follow from these facts: ||Sk′→k|| is
invertible and χp→k′(∞) = 0.
The Boltzmann system for φp→k, in contrast, is not
closed:
φ˙p→k =
∑
q0<|k′|≤p0
χp→k′Γk′→k. (A3)
Integrating both sides over t and taking into account Eq.
(A2) and initial conditions one obtains
φp→k(∞) =
∫ ∞
0
dt
∑
q0<|k′|≤p0
χp→k′(t)Γk′→k
=
∫ ∞
0
dt
∑
q0<|k′|≤p0
q0<|k′′|≤p0
χ˙p→k′′(t)
(
S−1
)
k′′→k′ Γk′→k
= −
∑
q0<|k′|≤p0
(
S−1
)
p→k′ Γk′→k. (A4)
Contracting both sides with Sp0p one gets∑
q0<|p|≤p0
Sp0pφp→k(∞) = −Γp→k, (A5)
which leads to the desired result (27).
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